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FIG. 16.5 Energy levels of the hydrogen atom for n = 1,2, and 3. The energies are in re-
ciprocal centimeters; the drawing is not to scale.
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CATALOG OF BASIC QUANTUM ELECTRODYNAMIC PROCESSES

Second-ordér processes

Elastic

Electron-muon scattering (e + p —~ e + 1)
{Mott scattering {M > m} = Rutherford scattering {v <))

Electron-electron scattering e +e —~e +e7)
{Mdller scattering)

Electron-positron scattering (e~ +e% =e~ +8%)
{Bhebha scattering}

Inelastic

H % Pair annihilation (e~ + e+ = ¥ + ¥}
; ‘ 1' % Pair production (y + y e~ +e¥}

H I Compton scattering {y + e~ =y + &7}

Most important third-order process

= Anomalous magnetic moment of electron

¥Zhel
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1. Notation. Label the incoming and outgoing four-momenta p,, ps, . . .,
P, and the corresponding spins s, 52, . .., S, label the internal four-
momenta ¢y, ¢z, . . . . Assign arrows to the lines as follows: the arrows
on external fermion lines indicate whether it is an electron or a positron:
arrows on internal fermion lines are assigned so that the “direction of
the flow” through the diagram is preserved (i.e., every vertex must have
one arrow entering and one arrow leaving). The arrows on external

Py Sy '05'{5 Pg. Sg
b > \\
/ \
I |
\ /
Vo R
/ \ Figure 7.1 A typical QED diagram, with
external lines labeled. (Internal lines not
Py

py.s, P30 shown.)

photon lines point “forward”; for internal photon lines the choice is
arbitrary, (See Fig. 7.1.)
2. External Lines. External lines contribute factors as follows:

Incoming ( #* ): u
Outgoing ( " ): &
Incoming ( _#" ): ©
Outgoing ( /): v
Incoming ( ¢ ): ¢
Outgoing (ir" ): ¥

Electrons: {
Positrons: {

Photons: {

3. Vertex Factors. Each vertex contributes a factor
igey"

The dimensionless coupling constant g, is related to the charge of the
positron: g, = eY4r/hc = Vdra*

* In Heaviside-Lorentz units, with & and ¢ set equal to 1, g, /s the charge of the positron,
and hence is written “¢” in most texts. In this book I use Gaussian units, and keep all factors of
and ¢. The easiest way to avoid trouble over units is to express all results in terms of the universal
dimensionless quantity a. In writing the Feynman rules for QED I assume we are dealing with
electrons and positrons, In general, the QED coupling constant is —qV4x/hc, where g is the charge
of the particle (as opposed to the antiparticle). For electrons, ¢ = —e, but for “up” quarks, say,

q=ie

{1




4. Propagators. Each internal line contributes a factor as follows:

i(vy*q, + mc)

Electrons and positrons:
4 g2 — me?
—_ I v
Photons: #
q

S. Conservation of Energy and Momentum. For each vertex, write a delia
function of the form

(21&')4 64(k; + k2 + k;)

where the &’s are the three four-momenta coming info the vertex (if an
arrow leads outward, then k is minus the four-momentum of that line,
except for external positrons*). This factor enforces conservation of
energy and momentum at the vertex.

6. Integrate Over Internal Momenta. For each internal momentum ¢, write
a factor

dq
2=y

and integrate.
7. Cancel the Delta Funcrion. The result will include a factor

Qa6 o+ p2+ o0 —pa)

corresponding to overall energy-momentum conservation. Cancel this
factor, and what remains is —il.

As before, the procedure is to write down all diagrams contributing 1o the process
in question (up to the desired order), calculate the amplitude (M) for each one,
and add them up to get the foral amplitude, which is then inserted into the
appropriate formula for the cross section or the lifetime, as the case may be.
There's just one new twist, here: the antisymmetrization of fermion wave func-
tions requires that we insert a minus sign in combining amplitudes that differ
only in the interchange of two identical external fermions. it doesn’t matter
which diagram you associate the minus sign with, since the total will be squared
cventuaily anyway; but there must be a refative minus sign between them.

8. Antisymmetrization. Include a minus sign between diagrams that differ
only in the interchange of two incoming (or outgoing) electrons (or
positrons), or of an incoming electron with an outgoing positron (or
vice versa).
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Casimir’s trick reduces everything down to a problem of calculating the
trace of some complicated product of 4 matrices. This algebra is facilitated by
a number of theorems, which I collect together below (I’ll leave the proofs to
you—see Problems 7.29 through 7.32). First of all, I should mention three facts
about traces in general: if 4 and B are any two matrices, and « is any number

l. Tr(d + B) = Tr(4) + Tr(B)
2, Tr(ad) = aTr(A4)
3; Tr(AB) = Tr(BA)

It follows from number 3 that Tr(4BC) = Tr(CAB) = Tr(BCA), but this
is not equal, in general, to the trace of the matrices taken in the other order:
Tr(ACB) = Tr(BAC) = Tr(CBA). In this way you can “peel” matrices off the
back end of a product and move them around to the front, but you must
preserve the ordering, It is useful to note that
4. g.g" =4

and to recall the fundamental anticommutation relation for the 4 matrices (to-
gether with an associated rule for “slash” products):

T e ol o G el iad S, ab+ka=2ab

From these there follows a sequence of “contraction theorems:

6. vy =

1. vy = =2v" T. vy.8¥' = =24

8. vyt =d4g” 8. vy.aby =4da-b

% WYYV = 2y 9. vl = —2.05d

And finally, there is a set of “trace theorems’:

10. The trace of the product of an odd number of gamma matrices is zero

1. Tr(l) =4
12 Tr(y"y") = dg™ 12, Tr(ab) =4a-b
13, Tr(v"y"v™y°) 13, Triabed)=4a-be-d
= d(g"gh — g"g" + g g™ —a-chd+a-db-o)

Since v* = iy%y'v%y? is the product of an even number of v matrices, it follows

from rule 10 that Tr(v*y*) = Tr(y*y*y*y") = 0. When v° is multiplied by an
even number of 4's, we find

4. Tr(¥) =0

15. Tr(¥*y*¥") =0 15, Tr(y’a¥) =0

16.  Tr(v y*y'v™y°) = dije™e 16, Tr(v’abed) = die"a,b,0rd,

where

+1, if urho is an odd permutation,

{ —1, if upXo is an even permutation of 0123,
epwka' =
0, if any two indices are the same.*
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Fig. 8.2 The Feynman graphs which have to be evaluated in computing the «® corrections to
the lepton magnetic moments (after Lautrup et al. 1972).
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